Abstract: The Majorana neutrino mass matrix combines information from the neutrino masses and the leptonic mixing in the flavor basis. Its invariance under some transformation matrices indicates the existence of certain residual symmetry. We offer an intuitive display of the structure of the Majorana neutrino mass matrix, using the whole set of the oscillation data. The structure is revealed in dependence on the lightest neutrino mass. We find that there are three regions with distinct characteristics of structure. A group effect and the µ-τ exchange symmetry are observed. Implications for flavor models are discussed.
Introduction
Neutrino oscillation has been well established by various experiments regarding solar [1, 2] , atmospheric [3] [4] [5] [6] and reactor [7] [8] [9] [10] neutrinos. The oscillation is caused by the mismatch of the neutrino mass eigenstates with the flavor eigenstates.
Generally, the oscillation probability measured by the oscillation experiments depends on the neutrino energy, the distance of flight, the mixing matrix elements and the squared mass differences. The physical parameters in the oscillation probability are θ 12 , θ 23 , θ 13 , δ coming from the Pontecorvo-Maki-Nakawaga-Sakata (PMNS) matrix [11, 12] and two squared mass differences ∆m 2 21 , ∆m 2 31(2) correspond to two observed frequencies of the oscillation probability. These parameters involve information on both mass and mixing. For Majorana neutrinos, the Lagrangian part regarding the leptonic masses and mixing is
where l L = (e L , µ L , τ L ) T , ν L = (ν eL , ν µL , ν τ L ) T , E R = (e R , µ R , τ R ) T . We choose the flavor basis, i.e., the charged lepton mass eigenstates coincide with the flavor eigenstates, then the information about mixing is contained solely in the Majorana mass matrix, together with the mass information.
From a theoretical viewpoint, a Majorana neutrino mass matrix stemming from a dimensional-5 Weinberg operator [13] can give a natural explanation of the smallness of the neutrino mass, as explored by various seesaw models [14] [15] [16] [17] [18] [19] . Besides, the invariance of the Majorana mass matrix under some transformation matrices shows evidences for the existence of certain flavor symmetry, and extensive works are dedicated on this issue (see [20] for a review).
Since the oscillation experiments are continuously making efforts to better determine the oscillation parameters, we find that it is necessary to investigate the Majorana neutrino mass matrix especially after the non-zero and relatively large value of θ 13 [8, 9] . Regarding an investigation of the neutrino mass matrix after the measurement of θ 13 , refs. [21] uses inequalities to give the allowed range and the correlations for the absolute values of the neutrino mass matrix elements, and refs. [22] investigates the correlations of the neutrino mass matrix entries by constructing probability distribution functions for each mixing parameters. This paper differs with the other two both in methodology and emphases.
We want to see the constraints on the structure of the Majorana mass matrix given by the current data. Using the simple relation that correlates the mass and the mixing matrix, i.e., M = U diag(m 1 , m 2 , m 3 )U † , we reconstruct the Majorana mass matrix up to an unknown mass. This procedure is taken analytically and the errors of each parameters are carefully passed to the mass matrix entries.
We find that the dominant structure of the Majorana mass matrix at given m min is still unclear due to the error range of the inputting parameters. But some entries are "grouping" together and different groups are distinguishable at a 3σ level. Furthermore, an approximating µ-τ exchange symmetry is observed in different data sets and different orderings.
This paper is organized as follows. Firstly we reconstruct the Majorana neutrino mass matrix in section 2; Then we discuss the major features of the results and other related issues in section 3; Final conclusion and discussion on the implications for the flavor models come in section 4.
Reconstruct the Majorana neutrino mass matrix

input
The Majorana neutrino mass matrix can be obtained through
In the flavor basis, where the charged lepton mass matrix is diagonal, the matrix U diagonalizing the mass matrix M is the PMNS matrix. Since U = VP, P = Diag{1, e we get the nine parameters in need to determine the Majorana mass matrix
The oscillation experiments measure six of the nine parameters, which are three mixing angles, the Dirac CP-violating phase δ, and two squared mass differences. Though the Dirac CP-violating phase is not determined by the experiments by now, the global fit results give us some clues on its value (see tables 1 and 2). The recent T2K results [24] also suggest a maximal CP-violation with a minus sign, i.e., δ = −90 • (270 • ), which is in consistent with the global fit.
The Majorana phases contained in the matrix P do not manifest them in the oscillation experiments. Furthermore, we have no knowledge of them. To do the calculation, the two Majorana phases are set to zero by hand. Some comments about this treatment will come in the following section.
Using the whole set of the global fit results [25] , together with an assumption of α 21 = α 31 = 0, we can determine the neutrino mass matrix with an unknown mass standing for the neutrino mass scale. We list the input in table 1. Notice that the octant of θ 23 is not clear, we use the first octant one just for simplicity. The explicit form of the expressions for M αβ can be found in section A of the Appendix. Since there is another set of global fit results [26] , we use it as an input and list the results in section B of the Appendix.
extreme case
If the neutrino masses are highly hierarchical, i.e., the lightest neutrino mass is small enough to be neglected, the other two masses can be determined by the two squared mass differences. We consider that a percent level quantity is small enough and make a rough estimate for a to-be-neglected mass scale. Since the small squared mass difference is of O(10 −5 ), the upper limit for the mass-to-be-neglected is the squared root of 10 −7 , which is of O(10 −4 ). Similarly, if the neutrinos are massive enough to neglect the mass differences, they can be quasi-degenerate (QD). In this case, 
general case
We move on to a general case where the unknown lightest neutrino mass is taken to be a variable. We plot the dependence of the |M αβ | on m min in figure 1 . According to the stability of the relative magnitudes of different |M αβ |, we recognize three regions with distinct characteristics.
1. For a m min < 0.002 eV, the relative magnitudes of |M αβ | are stable. We label it as Region I;
2. For 0.002 eV < m min < 0.1 eV, the relative magnitudes change several times (there are several crossings), and the crossing points differ in the normal and the inverted ordering. This region is called Region II; As can be seen from figure 1, this regional division works for both orderings. In Region I and Region III, the stability of the relative magnitudes of |M αβ | indicates the existence of one dominant structure. The large error ranges in Region III are mainly due to the complex dependence with various inputting parameters.
By far we only use the oscillation data, and it is helpful to get some constraints by using non-oscillation data. We use the combined result from KamLAND-Zen and EXO-200 m ββ < (120 − 250) meV [27] , and the Planck 2013 result for m ν < 0.23 eV [28] . We plot these constraints in figure 2.
We find that the cosmology limit has excluded Region III, while for the constraints from neutrinoless double beta decay experiments, a large part of Region III is excluded. Precision improvements in these experiments will help to narrow the allowed range for the lightest neutrino mass, and distinguish the dominant structure eventually.
Discussion
regional characteristics
In Region I of the normal ordering case, the relative magnitudes determined by the best fit values of the inputting parameters are found to be
The first three are of O(10 −2 ), while the latter three are of O(10 −3 ). This means a feature of magnitudes grouping. Different groups are distinguishable in 3σ range. We find |M µµ | |M τ τ | and the curves determined by the best fit values of the inputting parameters lie out of the 3σ range of |M µτ |. Similarly, |M eτ | |M eµ | and the curves determined by the best fit inputting parameters lie out of the 3σ range of |M ee |. Thus the µ-τ exchange symmetry is recognized.
Regarding relations among the mass matrix entries, we make a quick exam about the bimaximal (BM) [29] [30] [31] and the tribimaximal (TB) [32, 33] mixing relations, i.e.,
Seen from the magnitudes grouping, both of the above relations cannot be satisfied in Region I of the normal ordering. Notice that the TB and the BM mixing also indicate M eµ = M eτ , M µµ = M τ τ , which are the relations produced by the µ-τ exchange symmetry and we discuss them separately.
For the inverted ordering in Region I, we have
The first four are of O(10 −2 ), while the latter two are of O(10 −3 ). The relations in eqns. 3.2 and 3.3 are satisfied approximately. Combined with the observed µ-τ exchange symmetry, it means the tribimaximal and the bimaximal mixing can be realized in this region. Figure 3 is offered to see Region II more clearly. We see that in the normal ordering, the bimaximal relation 3.2 still cannot be satisfied, while the tribimaximal relation 3.3 can be satisfied approximately in 0.05 eV < m 1 < 0.08 eV. In the inverted ordering, both of the relations can be satisfied approximately.
Since Region III is excluded by the cosmology limit, we only make a short comment. We also observe the µ-τ exchange symmetry in both orderings. Besides, there are three groups with distinguishable magnitudes, i.e., To sum up, we observe an approximating µ-τ exchange symmetry in all the three regions of both the normal and the inverted ordering. We also observe a "grouping effect" in Region I and Region III. Different groups are distinguishable at a 3σ level.
µ-τ exchange symmetry
As is mentioned, we observe |M eµ | |M eτ |, |M µµ | |M τ τ | in all the regions of both orderings. These relations can result from the µ-τ exchange symmetry.
By definition, the µ-τ exchange symmetry is the invariance of the Lagrangian under an exchange of ν µ with ν τ . In the Majorana mass term, it means
Immediately, one arrives at
An exchange of ν µ with ν τ in the mass term can be performed with the following transformation matrix,
The invariance of the mass term means A 23 MA 23 = M. In the flavor basis, the Majorana matrix is diagonalized by the PMNS matrix, i.e., U T MU = Diag{m 1 , m 2 , m 3 }. Thus we get the µ-τ exchange symmetry relation in terms of the mixing matrix entries, i.e.,
which is necessary and sufficient. Regarding constraints on the mixing angles and the phase, when |U µi | = |U τ i |, one gets one of the following two consequences
2. θ 23 = π/4, θ 13 = 0.
Notice that both of the above two results are necessary but not sufficient condition for the µ-τ exchange symmetry. Notice also the current data indicates a deviation from θ 23 = π/4, which also means the µ-τ exchange symmetry is an approximate symmetry, as can be seen from the figures in this paper directly. This symmetry has been extensively studied [34] [35] [36] [37] [38] [39] [40] [41] [42] . After the measurements of θ 13 , a dedicated investigation of the µ-τ exchange symmetry can be found in refs. [43] . It is also shown recently that the µ-τ exchange symmetry, in combination with other inputs, can lead to a new mixing pattern which is simple and elegant [44] .
effects of the Majorana phases
To see the effects of the Majorana phases on the structure of neutrino mass, we illustrate the normal ordering results with the Majorana phases (α 21 , α 31 ) setting to pairs of special values in figures 4 and 5. The case of the inverted ordering can be found in section C of the Appendix.
We see that in the cases of non-zero Majorana phases, the general division into three regions according to the stability of the relative magnitudes of different |M αβ | is applicable. However, the other two major features in the zero-Majorana-phases case, i.e., the magnitudes grouping and the µ-τ symmetry, are changed.
The grouping effect is barely preserved in Region I. In Region III, only the four cases with zero α 21 exhibit a grouping effect. The µ-τ symmetry is broken in (
2 ) cases. It is also interesting to note that |M µτ | grows with m 1 more evidently when the Majorana phases are non-zero. Additionally, the error ranges are in general much larger in Region III, due to the complexity increased when the Majorana phases are non-zero.
Conclusion
We study the implications for the Majorana neutrino mass matrix given by the current data systematically. The whole set of the oscillation data given by the global fit [25, 26] is used to determine the structure of the Majorana neutrino mass matrix up to the lightest neutrino mass. We make a simple division to the range of m min by recognizing the differences in stability of the relative magnitudes of |M αβ |. Then we discuss the regional characteristics. We observe a grouping effect in Region I and Region III and an approximating µ-τ exchange symmetry in all the three regions of both the normal and the inverted orderings. Given m min , one can read the allowed ranges of |M αβ | by the current data. Given a mixing pattern, with comparison to our plot, one can find the allowed range of m min and the information on ordering.
At the m min range allowed by the current data (both oscillation and non-oscillation), the relative magnitudes of |M αβ | are not fixed yet. Still, there is information on the dominant structure of the Majorana mass matrix, e.g., different groups of entries are distinguishable at a 3σ level, and a rough structure can be read at a m min range. We also find that the non-zero Majorana phases change the structural features we mentioned above. It requires precision improvements on these parameters to finally unveil the dominant structure of the Majorana neutrino mass matrix.
These results put extra constraints to the flavor models. A successful model should be able to reproduce the oscillation data. Various models based on special mixing patterns have been proposed initially because the mixing patterns can accommodate the mixing angles approximately. It is reasonable to use the mixing patterns alone as a guidance for building a model that is compatible with the oscillation data. However, a successful model has to do more than that because there are more information provided by the experiments, i.e., the squared mass differences. As can be seen from our discussion about the tribimaximal and bimaximal relations, the mixing patterns can produce a good approximation for the Majorana mass matrix only for some m min values in certain ordering. It is helpful to point out the regions where the mixing pattern prediction works as an examination to the predictive power of a model. 1.08π 0-2π δ (I)
A The expressions of the entries of the Majorana neutrino mass matrix
1.09π 0-2π Table 2 . Global fit results from refs. [26] . N (I) stands for the normal (inverted) ordering.
B The same procedure with Fogli et al. data
We perform the same procedure with the global fit result from refs. [26] . We list the input in table 2, where ∆m 2 = m 2 3 − (m 2 1 + m 2 2 )/2. The result is shown in figure 6 . We see that Region I exhibit the same characteristics as the results obtained by using the refs. [25] input, while Region III shows much larger error ranges than in figure 1 , which is a result of the mass dependence in ∆m 2 definition.
The relative magnitudes are found to be
in Region I of the normal ordering. The feature of magnitudes grouping is the same as the results we obtained using refs. [25] as an input. The first three are of O(10 −2 ), while the latter three are of O(10 −3 ). |M ee | and |M eµ | are of different relative magnitudes in comparison with eqn. 3.1. The relative magnitudes in the inverted ordering case are
It is the same as eqn. 3.4. The µ-τ exchange symmetry is recognized also in all the regions of both the orderings.
C The effects of the Majorana phases in the case of inverted ordering
From figures 7 and 8, we see that the general division into three regions is applicable. The grouping effect is only observed when α 21 = 0 in Region I and (0, 
